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Abstract 

For an ordered subset S = {si, S2> • • • s fc} of vertices and a vertex u in a connected 
graph G, the metric representation of u with respect to S is the ordered /c-tuple r(u\S) = 
(dc?(u, si), da(v, S2), ■ ■ ■ , da(v,Sk)), where da{x,y) represents the distance between the 
vertices x and y. The set S is a metric generator for G if every two different vertices of 
G have distinct metric representations. A minimum metric generator is called a metric 
basis for G and its cardinality, dim(G), the metric dimension of G. It is well known 
that the problem of finding the metric dimension of a graph is NP-Hard. In this paper 
we obtain closed formulae and tight bounds for the metric dimension of strong product 
graphs. 

Keywords: Metric generator; metric basis; metric dimension; strong product graph; resolving 
set; locating set. 
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1 Introduction 

A generator of a metric space is a set S of points in the space with the property that every 
point of the space is uniquely determined by its distances from the elements of S. Given a 
simple and connected graph G = (V,E), we consider the metric do '■ V x V — > N, where 
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da(x, y) is the length of a shortest path between x and y. (V, da) is clearly a metric space. A 
vertex v G V is said to distinguish two vertices x and y if da(v, x) ^ da(v,y). A set S C is 
said to be a metric generator for G if any pair of vertices of G is distinguished by some element 
of S. A metric generator of minimum cardinality is called a metric basis, and its cardinality 
the metric dimension of G, denoted by dim(G). 

The concept of metric dimension was introduced by Slater in [19], where the metric gener- 
ators were called locating sets, and studied independently by Harary and Melter [8], where the 
metric generators were called resolving sets. Applications of this invariant to the navigation of 
robots in networks are discussed in [12] and applications to chemistry in [10, 11]. This invariant 
was studied further in a number of other papers including for example [2, 3, 4, 6, 17, 20, 21]. 
Several variations of metric generators have been appearing in the literature, like those about 
resolving dominating sets [1], independent resolving sets [5], local metric sets [17], resolving 
partitions [6, 20], and strong metric generators [14, 18]. 

It was shown in [7] that the problem of computing dim(G) is NP-hard. This suggests 
finding the metric dimension for special classes of graphs or obtaining good bounds on this 
invariant. Metric basis have been studied, for instance, for digraphs [16], Cartesian product 
graphs [2, 20], corona product graphs [14, 21], distance-hereditary graphs [15], and Hamming 
graphs [13]. In this paper we study the problem of finding exact values or sharp bounds for 
the metric dimension of strong product graphs and express these in terms of invariants of the 
factor graphs. 

The strong product of two graphs G = (V\, E x ) and H = (V 2 , E 2 ) is the graph GM H = 
(V, E), such that V = V\ x V 2 and two vertices (a, b), (c, d) G V are adjacent in G Kl H if and 
only if 

• a = c and bd G E 2 or 

• b = d and ac G E\ or 

• ac G E\ and bd G E 2 . 

One of our tools will be a well-known result which states the relationship between the distance 
between two vertices in G Kl H and the distances between the corresponding vertices in the 
factor graphs. 

Remark 1. [9] Let G and H be two connected graphs. Then 

dcmH((a, b), (c, d)) = max{d G (a, c),d H (b, d)}. 

2 Results 

We begin with a general upper bound for the metric dimension of strong product graphs. 
Theorem 2. Let G and H be two connected graphs of order n\ > 2 andn 2 , respectively. Then 
dim(G E3 H) < n\ ■ dim(H) + n 2 ■ dim(G) — dim(G) ■ dim(H). 
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Proof. Let V\ = {ui,U2, ...,u ni } and V% = {v\,v 2 , ■■•,fn 2 } be the set of vertices of G and H, 
respectively. Let S = (Vi x S 2 ) U (Si x V2), where Si and S2 are metric basis for G and H, 
respectively. Let (ui,Vj) and (uk,vi) be two different vertices of GMH. Let « Q £ Si such that 
itj, -u fc are distinguished by u Q and let £ S 2 such that Vj,v\ are distinguished by Vp. Hi = k, 
then (ui,Vj) and (u k ,vi) are distinguished by u^) £ (Vi x S 2 ) C S. Analogously, if j = Z, 
then (ui,Vj) and (u k ,vi) are distinguished by (w a ,i>j) £ (Si x V2) C S. If i 7^ k and j 7^ Z, 
then we suppose that neither (v,i,vp) nor (v,k,vp) distinguishes the pair (ui,Vj), (uk,vi), i.e., 

d G ®H((ui,Vj),(ui,vp)) = d Gmi ((uk,vi),(v,i,vp)) (1) 

and 

dGSH({ui,Vj),(u k ,vp)) = d GW ((u k ,vi), (u k ,vp)). (2) 

By (1) we have d H (vj,vp) = max{d G (u k ,Ui),d H (vi,vp)} and since d H {vj,vp) ^ d H {vi,vp), we 
obtain that 

d H (vj,Vp) = d G (u kl Ui). (3) 

Also, by (2) we have d H (vi, vp) = max{<i G (u i , u k ), d H {vj, Vp)} and since d H {vj,vp) ^ d H {vi, vp), 
we obtain that 

d H (v h vp) = d G (ui,u k ). (4) 

From (3) and (4) we have that du{vj,Vp) = dn(vi,Vp) which is a contradiction with the 
statement that Vj,vi are distinguished by vp in H. □ 

Since K ni M K n2 = K nx . n% and for any complete graph K n , dim(K n ) = n — 1, we deduce 

dim(K ni £3 K n2 ) = n\ ■ — 1 

= ni(n 2 - 1) + n 2 (ni - 1) - (m - l)(n 2 - 1) 

= n\ ■ dim(K n2 ) + n 2 ■ dim(K ni ) — dim(K ni ) ■ dim(K n2 ). 

Therefore, the above bound is tight. Examples of non-complete graphs where the above bound 
is attained can be derived from Theorem 5. 

Given two vertices x and y in a connected graph G = (V, E), the interval I[x,y] between 
x and y is defined as the collection of all vertices which lie on some shortest x — y path. Given 
a nonnegative integer k we say that G is self k -resolved if for every two different vertices 
x, y £ V, there exists w £ V such that 

• d G (y, w) > k and x £ I[y, w] or 

• d G (x,w) > k and y £ I[x,w}. 

For instance, the path graphs P n (n > 2) are self |"^] -resolved, the two-dimensional grid 
graphs P n DP m are self (|~|] + [Yl)" resorve d, the hypercube graphs Q k are self fc-resolved and 
the pseudo sphere graphs S k>r (k, r > 2) are self /^-resolved, where 5^ is a graph defined as 
follows: we consider r path graphs of order greater than or equal to k + 1 and we identify one 
extreme of each one of the r path graphs in one pole a and all the other extreme vertices of 
the paths in a pole b. In particular, S kt2 is a cycle graph. 
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Theorem 3. Let H be a self k-resolved graph of order ri2 and let G be a graph of diameter 
D(G) < k. Then 

dim(G MH) < n 2 ■ dim{G). 

Proof. Let V\ = {ui,u 2 , ...,u ni } and V% = {v\,v 2 , ...,v n2 } be the set of vertices of G and H, 
respectively. Let Si be a metric generator for G. We will show that S — S\ x V 2 is a metric 
generator for GM H . Let (ui, Vj), (u r , vi) be two different vertices of G H . We differentiate 
the following two cases. 

Case 1. j = I. Since i ^ r and Si is a metric generator for G, there exists u G Si such 
that dc(ui,u) 7^ d G (u r ,u). Hence, 

dG®H((ui,Vj), (u,Vj)) = d G (u u u) ^ d G (u r ,u) = d GmH ((u r , Vj), (u, Vj)). 

Case 2. j ^ I. Since H is self A;-resolved, there exists v G V 2 such that dn{v,vi) > k 
and Vj G I[v,V[] or dff(v,Vj) > k and V[ G I[v,Vj}. Say dn(v,vi) > k and Vj G I[v,V[\. In such 
a case, for every u G S we have, 

dGRH((v.i,Vj), (u,v)) = max{d G {ui,u),d H {vj,v)} 
< d H (v,vi) 

= m&x{d G (u, Ur), d H (v, v t )} 
= d GmH ((u r ,vi), (u,v)). 

Therefore, S is a metric generator for GM H . □ 

Now we derive some consequences of the above result. 
Corollary 4. Let n\ > 2 be an integer. 

• For any integer n 2 > 4 such that n\ — 1 < |_^J , 

dim(P ni M C n2 ) < n 2 . 

• Let k > 2 be an integer. For any self k-resolved graph H of order n 2 , 

dim(K ni 13 H) < (m - l)n 2 . 

Given a vertex v of a graph G = (V,E), we denote by N G (v) the open neighborhood of 
v, i.e., the set of neighbors of v, and by N G [v] the closed neighborhood of v, i.e., N G [v] = 
N G (v) U {y }. Two vertices it and t> are false twins if N G {u) = N G (v), while they are true twins 
if N G [u] = N G [v}. Note that if two vertices u and v of a graph G = (V, i?) are (true or false) 
twins, then d G (x, u) = d G (x, v), for every x G V — {u, v}. We define the true twin equivalence 
relation TZ on V(G) as follows: 

xKy+>N G [x] = N G [y). 
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If the true twin equivalence classes are Ui, U 2 , Ut, then every metric generator of G must 
contain at least \U\ — 1 vertices from U for each i £ {1, Therefore, 

t 

dim{G) > J2(\ U i\ -1) = "-*, 

where n is the order of G. 

Theorem 5. Let G and H be two nontrivial connected graphs of order n\ and n 2 having t\ 
and £2 true twin equivalent classes, respectively. Then 

dim(G MH)> n x n 2 - ht 2 . 

Moreover, if dim{G) =n\ — t\ and dim(H) = n 2 — t 2 , then 

dim(G E3 H) = n\n 2 — t\t 2 . 

Proof. Let Ui, U 2 , U tl and U[, U 2 , U[ be the true twin equivalence classes of G and H, 
respectively. Since each U (and C/j) induces a clique and its vertices have identical closed 
neighborhoods, U x Uj induces a clique in G IE H and its vertices have identical closed neigh- 
borhoods, i.e., for every a, c £ Ui and b, d £ E/j, 

AfcafffM)] = {(x,y) : x £ N G [a],y £ jV H [&]} 
= {0 )2 /) : x £ AT G [c],2/£ A^[d]} 
= AT GEljff [(c, d)]. 

Hence, V(G) x V(if) is partitioned as 

7(G)xV(fl) = U MJ^ X ^ > 

i=l \i=l / 

where £/* x J7j induces a clique in G E if and its vertices have identical closed neighborhoods. 

Therefore, the metric dimension of GMH is at least Y^j=i (SiLiG^I Wj\ ~ 1)) = n \ n 2 — tih- 
Finally, if dim(G) = ri\ — t\ and dim(H) = n 2 — t 2 , then the above bound and Theorem 
2 lead to dim(GM H) = n x n 2 -t x t 2 . □ 

As an example of non-complete graph G of order n having t true twin equivalent classes, 

1 

where dim{G) = n — t, we take G = K\ + ([^J K r .), 7*4 > 2, I > 2. In this case G has £ = / + 1 

i=l 

true twin equivalent classes, n = 1 + Yl\=i r « an d dim(G) = Y^i=i( r i — 1) — n — t. 

Corollary 6. Let H be a graph of order n 2 . Let G be a nontrivial connected graph of order 
nx having t\ true twin equivalent classes. Then 

dim{G MH)> n 2 (m - £1). 
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Theorem 3 and Corollary 6 lead to the following result. 

Theorem 7. Let H be a self k-resolved graph of order n 2 and let G be a nontrivial connected 
graph of order n\ having t\ true twin equivalent classes and diameter D(G) < k. If dim{G) = 
n\ —t\, then 

dim{G Kl H) = n 2 {n 1 - t x ). 

Lemma 8. A nontrivial connected graph is self 2-resolved if and only if it does not have true 
twin vertices. 

Proof. Necessity. Let G be a 2-resolved graph. Let x and y be two adjacent vertices in G. 
Without loss of generality, we take w £ V(G) such that 2 < k = da(x, w) and y £ I[x, w]. So, 
there exists a shortest path x, y, u 2 , u k _i, w from x to w and, as a consequence, u 2 £ N G [y] 
and u 2 £" Nq[x\. Therefore, G does not have true twin vertices. 

Sufficiency If for every u,v £ V(G), N G [u] ^ Nq[v], then for each pair of adjacent vertices 
x and y, there exists w £ V(G) — {x, y} such that dc(x, w) = 2 and y £ I[x, w] or da(y, w ) = 2 
and x £ I[y, w}. On the other hand, if da{u, v) > 2, then for w = u we have dc(v, w) > 2 and 
u £ I[v,w}. Therefore, G is self 2-resolved. □ 

By Lemma 8 we deduce the following consequence of Theorem 7. 

Corollary 9. Let H be a connected graph of order n 2 > 3. If H does not have true twin 
vertices and n\ > 2, then dim(K ni IE H) — n 2 {n\ — 1). 

The following remark emphasizes some particular cases of the above result. 

Remark 10. Let n\ > 2 be an integer. 

• For any tree T of order n 2 > 3, dim(K ni E T) — n 2 (ni — 1). 

• For any n 2 > 4, dim(K ni E C n2 ) = n 2 {n\ — 1). 

• For any hypercube Q r = K 2 D ■ ■ ■ DK 2 , r > 2, dim(K ni M Q r ) = 2 r (n 1 — 1). 

r 

• For any integers m, n > 2, dim(K ni IE (P n \3P m )) = n ■ m ■ (ni — 1). 
Now we proceed to study the strong product of path graphs. 

Theorem 11. For any integers n\ and n 2 such that 2 < n\ < n 2 , 



ni + n 2 
ni - : 



< dim(P ni EP„ 2 ) < 



ni + n 2 - 
ri\ — 1 



Proof. Let V\ = {ui, u 2 , u ni } and V 2 = {vi,v 2 , ...,v n2 } be the set of vertices of P m and 
P n2 , respectively. With the above notation we suppose that two consecutive vertices of Vi are 
adjacent, i £ {1, 2}. 
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Let a 



n 2 —l 

m— l 



— 1. We define the set S of cardinality 



"i+"2— 2 
n\— 1 



as follows: 



5 = {(«i,t>i), (u ni ,f m ), (Ui, U 2 (ni-l)+l), (w m ,f 3 (ni-l)+l), f Q ( m -l)+l) , 



if 



if 



712 — 1 
ni — 1 



is odd, and 

5 = {(^jUj), ( Uni ,V ni ), (W^^m-lj+l), (M m ,U 3 ( ni _i) + i), (tini,V a (ni-l)+l), K^n 2 )} 



U2 — 1 

m— 1 



is even. We will show that 5 is a metric generator for P ni Kl P n2 . Let (Mj, Uj-), (w^, Uj) 

be two different vertices of P ni Kl P n , 2 . We differentiate two cases. 

Case 1. j = I. We suppose, without loss of generality, that i < k. If j G {1, and 
dp ni sp n2 ((ui,Vj), (u ni ,v ni )) = dp ni HP„ a ((ufc,Ui),(uni,Uni))> then from max{ni - i,m - j} = 
maxjnx — k, rii — j} we have rii — j > n\ — % > ni — k. Hence, j < k and, as a consequence, 

dpn^p^duiiVj), (■ui,^)) = max{z - 1, j - 1} 

< k - 1 

= max{/c — 1, j — 1} 
= rfPmHPn;, 

Thus, if j G {1, ...,ni}, then we deduce r((?/j, 'Uj)|S') 7^ r((u k , Uj)\S). 
An analogous procedure can be used to show that for 

j G {t(ni - 1) + 1, (t + l)(ni - 1) + 1}, 

where t G {1, .., a — 1}, and for j G {a(rii — 1) + 1, .., n 2 }, it follows r((itj, m J ')|5') 7^ r((u k , itj)^). 

Case 2. j 7^ /. We suppose, without loss of generality, that j < I and we differentiate two 
subcases. 

Subcase 2.1. / < n\. Since (ui,V\), (u ni ,v ni ) G S, we only must consider the case when 



and 



dp ni ®p n2 ((ui,Vj), (u 1 ,v 1 )) = dp niSPn2 ((u k ,Vi), (u u vi)) 



dp ni ®p n2 {{ui,Vj),{u ni ,v m )) = d PnimPn2 ((u k ,vi),(u ni ,v ni )). 



In such a situation, since j < I, we have k < i. Hence, 

dp ni ®p n2 ((Ui, Vj), (u h v n2 ) = max{i - 1, n 2 - j} 

> max{k — 1, 77.2 — 1} 

= d PnimPn2 ((u k ,vi), (u u v n2 ). 

So, if (ui,v n2 ) G S, then r((iij, Vj)\S) 7^ r((u k ,vi)\S). Moreover, if (ui,v n2 ) G" S, then 
{u\,V2 ni -i) G S. Hence, from 

dp ni mp n2 ((ui,Vj), (ui,v 2ni -i) = max{z - l,2n a - I - j] 

= 2m-i-j 

> 2ni - 1 - I 

= max{/c — 1, 2ni — 1 — /} 

= d Pni ^ Pn2 ((> fc , vi), («i, f 2 m-i), 
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we have r((u h vj) \S) ^ r((u k ,vi)\S). 
Subcase 2.2. I > ri\. We have, 

dp ni ®p n2 ((u k ,vi), (u!,vi)) = max{k -1,1-1} 

= 1-1 

> max{z — 1, j — 1} 

= dp ni ® Pn2 ((ui,Vj), (mi,uO). 

Thus, in this case r((ui,Vj)\S) ^ r((uk,v{)\S) as well. 

We conclude that S is a metric generator for P ni E P n2 and, as a consequence, the upper 
bound follows. 

We will show that dwi(P m EP n2 ) > ni +" 2 ~ 2 by contradiction. Let n 2 -l = x{n\ — l)+y, 

where n\ — 1 > y > 0. Now we suppose that there exists a metric generator for P ni E P n2 , say 
5", of cardinality x. Note that a vertex (u r ,v t ) G S" distinguishes two vertices (ui,Vj), (u 2 ,Vj) 
if and only if \t — j\ < r — 1. Analogously, a vertex (w r ,i> t ) G S' distinguishes two vertices 
(u ni ^i,Vj/),(u ni ,Vjr) if and only if | t—f \ < ri\ — r. Hence, a vertex of (u r ,v t ) G S' distinguishes, 
at most, 2ri\ — 3 pairs of vertices of the form (u±,Vj), (u 2 , Vj) or (u ni ^i,Vf), (u ni , Vf). Thus, if 
S' is ametric generator, then 2n 2 — x < (2ni — 3)x and, as a consequence, n 2 — 1 < x(nx — l) — l, 
a contradiction. □ 



dim(P m B P, 



112 I 



Conjecture 12. For any integers n\ and n 2 such that 2 < m < n 2 , 

rii + n 2 — 2 
ni — 1 

Theorem 13. For am/ integer n > 2, dim(P n Kl P n ) = 3. 

Proof. Let V = {i>i, i>2, f n } be the set of vertices of P n . Now, with the above notation, we 
suppose that two consecutive vertices of V are adjacent. We will show that 

S' = {(ui,vi), 0„,wi), {u n ,v n )} 

is a metric generator for P n IE P n . Let (ui,Vj), (uk,vi) be two different vertices of P n E P re . 
We only must consider the case when dp n ^ Pn ((ui,Vj), (ui,Vi)) = d Pnm p n ((u k ,Vi), (ui,Vx)) and 
dp n mp n ((ui,Vj), (u n ,v n )) = d PnmPn ((u kl vi), (u n ,v n )). In such a case, if j < I, then k < i and, 
as a consequence, 

dp^Pndui^j), (u n ,vi) = max{n - i,j - 1} 

< max{n — fc, Z — 1} 
= dp n ® Pn ((u k ,vi), (/u„,t>i)). 

Analogously, if j > /, then we have dp n HP n ((wi } %)> K, > dp n gip„((«fc, v{), (u n , v^). We 
conclude that S' is a metric generator for P n IE P n and, as a consequence, dim(P n IE P n ) < 3. 
In order to show that dim(P n E P n ) > 3, we suppose that there exists a metric generator for 
P n E P n of cardinality two. Since (0,0) is not a possible distance vector, and the diameter of 
P n E P n is n — 1, there are n 2 — 1 possible distance vectors, but the order of P n E P n is n 2 , a 
contradiction. So, dim(P n E P„) > 3 and, as a consequence, dim(P n E P n ) = 3. □ 
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The following claim will be useful in the proof of Theorem 15. 

Claim 14. Let C be a cycle graph. If x, y, u and v are vertices of C such that x and y are 
adjacent and dc(u,x) = dc(v,x), then dc(u,y) ^ dc(v,y). 



Til — 1 

Theorem 15. For any integers ri\ and ri2 such that — - — > 

dim(P ni mC n2 ) < ni . 



y>2 



>2, 



Proof. Let V\ = {u , ui, u ni -i} and V 2 = {v , v 1; i>„ 2 _i} be the set of vertices of P ni and 
C n2 , respectively. Here we suppose that Vq and adjacent vertices in C n2 and, with 

the above notation, two consecutive vertices of Vi are adjacent, i G {1,2}. Let S be the set 
of vertices of P ni Kl C m of the form (u^Vi), where the subscript of the second component is 
taken modulo n 2 - We will show that S is a metric generator for P ni Kl C n2 . To begin with, we 
consider two different vertices vf) and (u^, v{) of P ni KIC n2 . First we consider the case i = k 
and we suppose, without loss of generality, that j < I. Now, if dp ^ Vj), (w,, Vi)) = 
dp ni ®Cn 2 ((ui,vi), (ui,Vi)), then d Cn2 {vj,Vi) = d Cn2 {v h Vi). So, for i = 0, Claim 14 leads to 

dp ni mc n2 ((«o , vj) , (ui , vi) ) = max{ 1 , d c „ 2 , u i ) } 

^ max{l,d Cn2 

Analogously, for z ^ 0, Claim 14 leads to 

dp ni mc n2 ((ui,Vj), (ui-^Vi-i)) = max{l, dc^fa, vt-i)} 

^ max{l,d Cn2 (vi,v l ^ 1 )} 
= dp ni ® Cn2 {{ui, vi), {ui-i, Vi-i)). 

Hence, r((ui,Vj)\S) ^ r((ui,vi)\S). Now we consider the case i ^ k. We suppose, without loss 
of generality, that i < k. Hk< [?f\, then m - 1 - i > [f\ = D(C n2 ). Thus, 

dp ni sc n2 ({ui, vj), (w m _i, v ni _t)) = max{d Pni (u h it ni _i), d c „ 2 V-i)} 

= max{ni - 1 - i, d Cn2 V-i} 
> max{ni — 1 — fc, d Cn2 Oz, V-i)} 
= d Pni ® Cn2 ((u k ,vi), (w ni _i,w ni _i)). 

Moreover, if k > > then 

dp ni BC„ 2 v i)> Kb u o)) = max{d Pni (t^, w ), d Cn2 (vj,v )} 

= max{i,d Cn2 (vj,v )} 
< m&x{k,d Cn2 (v h v )} 
= dp ni ®c n2 ((u k ,vi), (u ,v )). 

Hence, r((ui, Vj)\S) ^ r{{uj., vi)\S). Therefore, the set S of cardinality n\ is a metric generator 
for P ni MC n2 . ' □ 
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